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q^ : ABSTRACT 

We investigate the dependence of the gauge couphngs on the dilaton 
p • field in string efi^ective theories at the one-loop level. First we resolve 

^ ■ the discrepancies between statements based on symmetry considerations 

and explicit calculations in string effective theories on this subject. A 
calculation of the relevant one-loop scattering amplitudes in string the- 
^ ' ory gives us further information and allows us to derive the exact form 

' of the corresponding effective Lagrangian. In particular there is no dila- 

ton dependent one-loop correction to the holomorphic /-function arising 
from massive string modes in the loop. In addition we address the cou- 
pling of the antisymmetric tensor field to the gauge bosons at one-loop. 
While the string S-matrix elements are not reproduced using the usual 
supersymmetric Lagrangian with the chiral superfield representation for 
the dilaton field, the analogue Lagrangian with the dilaton in a linear 
multiplet naturally gives the correct answer. 
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1 Introduction 



String theory is the only known theory consistent with quantized gravity. Whether 
it is also consistent with the world where we all live is a different and very difficult 
question. To tackle this problem one tries to derive an effective Lagrangian, which 
describes the low-energy limit of the string theory in a field-theoretical language. 
One question of current interest are modifications of the one-loop effective field the- 
ory through massive string modes running in the loops. While the contributions of 
the massless modes are generated by the field theory itself, those of the massive ones 
have to be plugged in by hand. In general these stringy effects have to be determined 
by explicit one-loop calculations |1|, ^ |], |, |[ directly in four-dimensional string 
theory. 

In lucky cases there is yet another way to derive the string loop corrections: if 
there are severe stringy symmetries and in addition they are known. These sym- 
metries can give significant restrictions on the possible structure of the Lagrangian 
terms which can not be understood from the point of field theory. This is because 
the field theory as the low-energy limit has to respect the symmetries of its stringy 
roots. This method was partially successful in the case of a restricted class of orb- 
ifold models for the moduli and gauge group dependent part of the gauge couplings. 
The discrete reparametrization symmetry SL(2,Z) of the moduli space was sufficient 
to infer the exact form of the one-loop string corrections from the requirement of 
anomaly freedom of the effective theory with respect to SL(2,Z) 0, |^. However 
already in this favourable case it was not possible to determine the Lagrangian 
uniquely from symmetry considerations 0: to fix the coefficients of the two in- 
dependent counterterms, a Green-Schwarz term and a holomorphic contribution 
from massive modes, again string calculations are necessary . Furthermore it was 
shown in ref. that for the majority of orbifold models the known symmetry group 
is smaller than SL(2,Z) and therefore this method fails due to the lack of reliable 
information. 

Another scalar field with a perturbatively flat potential is the dilaton field, whose 
vev determines the gauge coupling at tree-level |T^. Therefore it seems natural 
to ask for the dependence of the one-loop corrections to the gauge coupling on 
this field. Although there exist no appropriate quantum symmetries comparable to 
the discrete reparametrization symmetries of the moduli space, there are classical 
symmetries which have quite strong implications. Earlier investigations based 
on this symmetry have led to the statement, that the one-loop piece of the gauge 



coupling is independent of the dilaton vev [12|. We will find in sect. 2 that this kind 



of statement is too rigorous as has been already indicated by the results of explicit 
calculations in effective theories, including dilaton dependent gauge couplings [|^, 
1^, |T1|. Nevertheless the above mentioned symmetries are sufficient to determine the 
exact dependence of the one-loop gauge couplings on the dilaton vev. 

To confirm the symmetry arguments as well as to gain information also about the 
couplings of the quantum fields, a string loop calculation is desirable. Since string 
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theory is an S-matrix theory there are problems with on-shell singularities in the 
computation of scattering amplitudes. We will use Minahan's off-shell prescription 



f 5] for the momentum variables to handle this difficulty and present in the appendix 



the derivation using the background-field method ^ as an alternative concept. 
Another issue is related to the fact that string theory calculations provide always 
S-matrix elements: To obtain the IPI vertices generating effective Lagrangian one 
has to assign a string correction to corrections to IPI vertices in an appropriate way. 
This step plays an important role for the translation of string loop calculations into 
a field-theoretical language. 

The outline of this paper is the following. In sect. 2 we discuss the special role 
of the dilaton in string theory and its effective theories. In sect. 3 we compute a 
three-point scattering amplitude of two gauge bosons and a physical boson of the 
supergravity multiplet on the torus. This can be a graviton, an antisymmetric tensor 
field or the dilaton. In sect. 4 we discuss the obtained results in terms of effective 
supersymmetric Lagrangians and give our conclusions. 



2 The dilaton as the loop expansion parameter 

In this section we want to analyze earlier investigations on the dilaton dependence of 
the gauge coupling at one-loop in string theory based on symmetry considerations. 
The well-known statement arising from this kind of reasoning is that the one- 
loop correction to the gauge coupling is independent of the dilaton vev. This has 
to be contrasted with the results of explicit calculations in string effective field 
theories, which include a one-loop coupling of the dilaton to the gauge bosons [|l^, 
^, |l^ . A closer examination of the underlying assumptions present in the symmetry 
arguments shows that there are no discrepancies to worry about. Furthermore we 
will derive in this way the exact dilaton dependence of the one-loop contribution to 
the gauge coupling in string effective theories. 

First let us consider the situation directly in string theory ||T6|. The two- 
dimensional action of the superstring contains the expression 

^ I dh Vhh''^d^X''dpX''g^,{X) + -^jd^z y/hR^^^(P{X) , (1) 

where h and i?'-^^ are the two-dimensional metric and curvature, respectively, and a' 
is the slope parameter. g^^^X) corresponds to the background metric, while (p^X) 
is a scalar field. The two-dimensional integration over the constant mode (/>o of <p 
yields 

i- j d^zVhR^^^o = X = 2(1 - /)0o , (2) 

where x is the Euler characteristic and / is the genus of the world-sheet manifold. 
For this reason the contribution of higher genus will be suppressed by a factor of 
g-2i?io fQ]. qq^q}^. loop. This is the same functional dependence on the genus as that 
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of the weight of a Riemannian surface in the path integral, g \ where g is & free 



parameter, the string couphng constant [0]. Therefore a change in the couphng 



constant can be compensated by a redefinition of the field and in this way is 
determined by its vev. To relate the field cj) (or parts of it) to the dilaton field 
one uses the following form of the dilaton vertex operator in the case of vanishing 



momentum |jT6[: 



V^{k ^ 0) = / d^z^ h^'^d^X^dsX^'T]., + / dh^R^^^ . (3) 

Ana' J 4:71 J 

Here a and b are some real numbers which can be determined by demanding unitary 



and conformal invariance or alternatively from the limiting field theory 
The term proportional to i?^^-* has been discussed extensively in the literature |20|1 . 
However this issue will be of no importance for our discussion. A small shift 6D of 
the dilaton vev can be taken into account by the insertion of into each correlator: 

{Vi...Vn) {Vi...Vn) + SD{ Vi...VNVl^{k ^ 0)) . (4) 

In turn this can be absorbed to leading order in the associated constant field 6D by 
modifying the background fields in (P as 

4>{X) 4>{X) + b6D , 

g^,{X) g^,{X){l + a6D) . (5) 

It follows that parts of the field can be identified with the dilaton field and that 
also the normalization of the space-time metric will be influenced by the vev of the 
dilaton field. A second possibility would be to make the replacements 

0(X) — . 4>{X) + b6D , 

a' — > (1 - aSD)a' . (6) 

Note that (^) corresponds to a fixed string scale Ms ~ a'^^/^, while (P) will leave 
unchanged the Planck mass Mpi if a and b are chosen correctly. Here the Planck 
mass is defined as the coefficient of the Einstein term in the low-energy Lagrangian 
or, equivalently, by the strength of the three graviton interaction in string theory. 
Since there is the relation 2k = {2a')~g connecting the three parameters a', 



g and k ~ M ; of the effective field theory in d dimensions pi], there is the 



possibility to form a dimensionless parameter proportional to a'^'^~'^^^^K~^. The 
above argumentation recovers the well-known result that such a parameter will be 
determined dynamically rather than representing a free input parameter |^ . 

What are the implications for the dilaton dependence of a genuine correlator? 
From eqs. @ and @ one can see that the statement that a correlator is indepen- 
dent of the dilaton vev, if the second term on the r.h.s. of eq. vanishes relies 
heavily on the field normalizations. In this context it is helpful to note that the 
background field g^u appearing in eqs. (p and is not the canonical normalized 
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gravitational field as it is used in the original determination of the effective La- 
grangian calculating string amplitudes . This point can be easily seen also in 



the field-theoretical formulation. Eqs. (|]) and (|]) correspond to the following two 
Lagrangians, respectively: 

1 ,J)-l/2 o 2 

-^^F'---,^-'H^+ ... . (8) 
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2k^ 



We use the standard notations for the fields |21[] except for $ which is defined to 

be $ = , where D is the ci-dimensional dilaton field. In eq. (0) the space- 

time metric has been rescaled with respect to (H) as g^u — >• ^~^/'^g^i, and the string 
scale Ms = gd/i^ has been set to 1. Apparently the factor in front of (|^ can be 
identified with the loop expansion parameter [^. Therefore in this special field 
basis the one-loop gauge coupling should be independent of the dilaton VEV in any 
dimension. This Lagrangian corresponds to the case (^) with a dilaton independent 
normalization of the background metric g^j^^. This choice causes a dilaton dependent 
coefficient of the Einstein term in the effective Lagrangian. In the more physical 
formulation of (|]) where Mpi is fixed, the terms of the Lagrangian have an individual 
dependence on $ and the loop expansion parameter is in general different from the 
coefficient of the F"^ term. Therefore one can no longer infer a dilaton independence 
of the gauge coupling at one-loop and we see again that the usual reasoning based 
on symmetry considerations is only valid for a certain choice of field normalizations 
corresponding to (|^). 

It is important that the dependence of the gauge coupling on $ in (||) is different 
for any number of dimensions. This reflects in some sense the singular behavior of 
a Yang-Mills theory in d dimensions. In d=4 the special situation arises that the $ 
dependence of the coefficients of the F"^ terms in (|^ and agree. Nevertheless a 
simple cancellation of couplings will not be sufficient to ensure the dilaton indepen- 
dence of the one-loop contribution to the gauge kinetic term: the Lagrangian (H) 
describes a field theory with a dilaton dependent physical cutoff which should show 
up in an one-loop effective gauge coupling. In summary we can state the following 
result: The dilaton dependence of the gauge coupling at one-loop in the physical 
field basis with Mpi ^ Mpi ((-D)) is entirely due to the dilaton dependence of the 
cutoff ~ Ms ( in four dimensions ). 

It is useful to notice the precise assertion of the above argumentation. First note 
that it is valid for all one-loop corrections to the gauge coupling, regardless whether 
they arise as a one-loop term of the holomorphic /-function of supergravity or 
from non-holomorphic terms 0]. On the other hand it is restricted to the constant 
part of the dilaton field, that is, its vev. 

A similar discussion can be carried on for the symmetry arguments of ref. ||12|| , 
valid for the four-dimensional effective theory in the limit of infinitely small com- 
pactification radius. In this paper the (at least) classical symmetries of the effective 
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field theory arising from tlie degeneration of the string vacuum were used to 
narrow down the possible form of the effective Lagrangian. Two kinds of symmetries 
were considered there: First two classical scale invariances of the theory representing 
the fiat directions in the effective potential of the dilaton and the universal modulus 
field related to the overall radius of the compactification manifold. Secondly two 
axial U{1) symmetries given by constant shifts of the supersymmetric pseudoscalar 
partners of the above mentioned fields. This axial symmetries are valid to all orders 
of perturbation theory and can be traced back to the invariance of the field strength 
of an antisymmetric tensor field. 

Two important results were derived in ref. [jl2| from the presence of these sym- 
metries: using the scale invariances together with the input that the loop expansion 
parameter is given by S/T, it was shown that the one-loop kinetic term of the gauge 
fields should be independent of the S field. Here S (T) is the chiral superfield con- 
taining the four-dimensional dilaton (overall modulus) field. In fact this result was 
stated only for the holomorphic /-function, but the assumption of holomorphicity 
was not yet used at this point. In addition the axial U{1) symmetries together with 
holomorphicity were used to prove that the gauge coupling receives no contributions 
from higher than one-loop. This remarkable conclusion is not transferable to the 
now well-known non-holomorphic one-loop corrections, but is only valid for the 
gauge coupling of the effective action defined in the spirit of ref. ^. It is clear 



that the field basis with dilaton dependent Mpi was used throughout ref. 12 



3 The two gauge boson — dilaton amplitude in 
string theory 

In the previous section we derived the precise dilaton dependence of the one-loop 
corrections to the gauge coupling using symmetry consideration. To confirm our 
results as well as to get information also about the coupling of the non-constant 
part of the dilaton field to the gauge bosons at one-loop, we calculate the CP even 
part of the two gauge boson - dilaton coupling at one-loop in string theory. 

We will consider in general a three-point function on the torus involving two 
gauge bosons and a physical boson from the supergravity multiplet. This provides a 
useful check of the correct normalizations relative to existing calculations. Further- 
more we want to get information about the coupling of the antisymmetric tensor 
field to the gauge bosons. Our conventions and normalizations are given in appendix 
A. We will compute a scattering amplitude and compare the result with that of a 
background-field calculation in appendix B. 

The CP even part of the three-point function at one-loop is given by 

^ even s 

iSee also ref. H]. 
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Jrer Im r J f-J[ 

where si,S2 label the three CP even spin structures (si,S2) = (0,0), (0,1), (1,0). 
A zero (one) corresponds to a NS (R) boundary condition, r = ri + is the 
single Teichmiiller parameter of the worldsheet torus and F its fundamental domain 
r = {r I |ri| < 1/2 ; |r| > 1}. The partition function for the heterotic string is 
Z{t, f , s) = rrsj(-)'2^g^~^/2g^~^] with q = e^''*^ and Vq^,V(^ are the zero-picture 
vertex operators for the gauge boson and the supergravity tensor, respectively: 

Fo'(^i,zi) = l^ei^Jf(axr + ^V'ffci-V'i)e*'^''S 

TT 

Fo^(zi,zi) = ^e«9Xf(9Xr + 2V^rA;i-V^i)e^'^^V (10) 
vr 

Here we use the notation f{zi) = fi, fizi) = 0. g is the dimensionless string 
coupling parameter and k the gravitational coupling. We will set a' = | in most 
of the following unless an explicit representation is useful to distinguish terms of 
different order in a' . The full dependence can be recovered by simple dimensional 
considerations. 

Because of supersymmetry, summing over the spin structures will give a zero 
result unless there are right-handed fermions in the correlation function. How- 
ever, since the fermions come in normal-ordered pairs, there must actually be four 
fermions to get a non- vanishing result. Therefore, performing all possible contrac- 
tions which fulfill this condition yields the following expression for the amplitude: 

^ even s "'^er im T J -^^ 



E(ei ■ kjej -ki-ei- ejki - kj)Glj{s)\ f E ' K^pqMXpq\ 

i<j PT^iJ 



-4t(l,2,3) Guis)Gi3{s)G23{s) 
16 



^2<9i2ln|xi2p + e! ■ ^s^islnlXial^ 

G{s) is the spin structure dependent fermionic two-point function and t(l,2,3) is 
the kinematical factor of ( |A.8|) (for further details see appendix A). In (|ll|) the 
polarization tensor e^^J has been replaced by e^^e^^^ for calculational reasons. Eq. 
( pj]) differs from that of ref. [1^ by an additional term proportional to = — ^ 



in (|TTp which stems from the contraction of the fields dXi and dXi in the dilaton 
vertex operator. In general a contraction of the fields dX and dX yields 

idXA) = d,d, (-iln |xi2r) = ^5^(^12) - ^ , (12) 



^We will denote the dependence /(z^, Zi) again with /,; if no confusion is possible. 
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where the second term is the contribution coming from the zero modes. While it is 
obvious that the (5-function disappears if normal-ordered fields are considered, more 
involved arguments are necessary to show that this part of the two-point function 
does not contribute even in the more general case of unordered fields. Actually there 
are several different ways to derive this result |T^, 



The next step is to extract from (0) the terms of lowest order in a'. Apart from 
the obvious terms proportional to V there arise additional ones from the integra- 
tions over the z's in regions where some of the vertex operators are close together 
on the world-sheet. The resulting singularities can be treated along the line of 
Minahan's off-shell prescription for the kinematical variables, which respects both. 



modular and conformal invariance [jT5|. The crucial point is that it is by no means 
fixed a priori, whether the momentum integral is performed before or after the z~ 
integrations. This allows one to choose the kinematical variables which respect only 
the constraints from conformal and modular invariance but not from momentum 
conservation during parts of the calculation. The correctness of this procedure was 
confirmed in ref. [^], where the authors show that the same result is obtained by 
factorising a four-point amplitude. 

The additional terms arise in the following way: the correlation functions behave 
for Zij — > as 

Gij , dij In Ixijf ^ ^ , IXijf ^ k^jf . (13) 

^Zij Zij 

Integration over those terms in (|ll]) which provide a pole in Zij yields, by analytic 
continuation 

= . (14) 

Therefore this mechanism provides a source for new 0{a'^) terms0 with poles in 
ki ■ kj, which cancel similar factors in the kinematical factors of (|ll|)- The resulting 
expression of 0{a'^) reads 

A= ^ E (-)^"^"^ / f^Zir, r, .) / d^z,,{J,J,) 
e^s Jrerlmr J 

X {im r tr(e«)e2 ■ fcaeg ■ A;2G^3(s) (15) 
+2(A;3 ■ e« ■ e^e2 -k. + k^- 1^^} ■ t^t^ ■ k,) J d\G\z, s)] , 

where 

e^^\{e,-e{). (16) 

Note that there is no contribution arising from ^23 0. In addition also the 
region where all vertex operators come close together does not contribute because 
of supersymmetry. 



^Of course there is an additional dependence on a' implicit in k. 
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The two terms inside the curly brackets of (|T^) form separately gauge invariant 
objects. In fact two of the long distance contributions proportional to V together 
with the pole termsQ are gauge invariant as well as the single term involving tr(e^^-'). 
This is not surprising because exactly this structure asserts gauge invariance for 
the three different types of polarization tensors corresponding to a graviton, an 
antisymmetric tensor or a dilaton. 

In (|T3]) the only spin structure dependent factors are the fermionic correlation 
functions. Therefore we can rewrite them using (|A.5|) . After this replacement we 
perform the remaining ^-integrations and splitting the partition function in space- 
time and internal part we get 



•4 = Kf4/ (17) 

Svr^ Jrer Im r 



where 



/C = -^tr(e«)e2 ■A;3e3-A;2 + A:3-e«- 6362 -A^i + fca-eil^- £263 ■ fci , (18) 
Ba = {-)^'^^''^mr)r^^Z4^ (19) 



;Tr. [{Ql + ^^)(-)-V-^/^g^-"/^^; 



(c,c)={9,22) 



From ([TsD it is clear that there is a zero result for the case where the polarization 
tensor is that of a graviton. In the case of the antisymmetric tensor the result agrees 
with that of ref. after the identification 

h ■ e^a^ ■ €362 -h + h- ei^; • €263 ■ h \A,d,Ap{d^B^P + 9^5"'^ + d^B^ , (20) 

in spite of the fact that the derivation as well as the interpretation therein seems to 
be incorrect^ In fact there is also a non-vanishing result if e^^-* is chosen to describe 
a dilaton. In this case the polarization tensor is given by 

^^^l = _ 2 (^Mi^ "~ k^ky — kykfj) , (21) 

where we have defined a vector k such that A;^ = and k ■ k = 1. Thus 

tr(e(^)) = = 72 , (22) 

and (|l^) becomes 

A = -V2{e2-k3es-k2-e2-esk2-ks)^ f r^Ba , (23) 

lovr"^ Jrer Im r 



^ The distinction in pole and long distance terms is only convention: by partial integration one 
can change this 'classification'. 



^Compare with the discussion of cq.(jl^). 
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where we have reinstated a kinematical term which was dropped during the calcu- 
lations. Eq. ( ^31) gives the following term to an one-loop S-matrix element: 

^A>;,Fri^, (24) 

where 

Af = ^.A» = V2.(J-j£^^B.) . (25) 

The tilde on denotes that it represents a correction to an S-matrix element 
rather than to an IPI vertex. Furthermore is the one-loop correction to the 
gauge coupling derived in and the gauge fields have been rescaled as A — gA. 
If the internal part of the theory is given by an orbifold compactification it 



is possible to make more concrete statements. In this case the moduli dependence 
of the one-loop correction to the gauge coupling A^ has been discussed first in ref. 
[0]. In particular it has been argued there that only moduli corresponding to a 
plane which is left unchanged by a subgroup of the orbifold group can enter the 
corrections. The orbifold sectors which are generated by elements of this subgroup 
leave intact two space-time supersymmetries and therefore build up an N=2 sector 
of the theory. For the restricted class of orbifold compactifications where the six- 
dimensional torus splits into a direct sum, Tg = T2©T4, and the fixed plane hes in T2, 
explicit expressions for A^ have been obtained with the help of an auxiliary model 
involving a two-dimensional torus compactification. The functional dependence of 
A^ on a generic modulus T has been found to be an automorphic function of the 
duality group SL{2, Z): 

Air^\nUT)\\T + f)] , (26) 

where rjlT) is the Dedekind function. Recently the more general case where the 
internal torus is generated by a genuine six-dimensional lattice, was presented in 
ref. Q. It was shown there that the so-called threshold function A^ is no longer an 
automorphic function of the modular group SL{2, Z) but only of a certain subgroup 
of 5L(2,Z). 



4 Connection to field theory 

We turn now to the discussion of the previous string calculation in terms of an 
effective Lagrangian. In the field theory two different types of diagrams provide 
corrections to the S-matrix element A^ of eq . (p5l) : wave function renormalizations 
SUa and 6IId in an external gauge and dilaton leg, respectively, as shown in fig. 1 
as well as genuine IPI corrections to the three-particle vertex shown in fig. 2: 



Af - ^^^^^ 



— 2 1 tree 



{26U, + 6Uo){9-i} 



(27) 
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where {ga'r)}^''""^ s^^d {9a\)Y^^^ denote the effective hnear couphng of the dilaton to 
gauge bosons at one-loop and tree-level, respectively . In contrast to the analogous 
relation for the moduli dependent correction to the gauge coupling 0, where the 
second term is absent since {gaxY^^^ = (T denotes the moduli field), the loops in 
the external legs now contribute because the dilaton couples to the gauge bosons at 
tree-level: 

{^;2|tree _ ^-v^kD _ (28) 

To assign the string correction to the two terms in eq. (|27|) let us focus on 
the gauge group dependent part ~ in eq. (|19|). If we consider only differences 
between the corrections to the gauge couplings of different gauge groups, as it was 
introduced in ref. to get rid of the modular non-invariant regulator terms of 
the correlator of the Kac-Moody currents, the term ~ STir, drops. The expression 
for the wave-function renormalization factor 5Ila can be extracted from ref. 
and multiplying it by the tree-level coupling {gaoY^^^ of eq. (|^) we reproduce 

exactly the string correction . In conclusion there is no one-loop correction to 
the effective dilaton-gauge boson coupling {gaoY'''""''' all. 

On the other side we have to consider the corrections calculated in field theory 
as well as the presence of the dilaton dependent cutoff ~ M5. From the discus- 
sion of section 2 we expect that the complete effective Lagrangian should depend 
on the dilaton through M5. Obviously this will be a subject involving only mass- 
less string modes. Because of the lack of information about the explicit form of 
the effective theory in general four-dimensional string models, we have to restrict 
our investigation from now on to the case of orbifold compactifications. The usual 
representation of the dilaton field in the supergravity theory is to use a chiral su- 
perfield S with a lowest scalar component given by Re s = e"^^^. There are two 
sources of a coupling of the superfield 5* to the gauge superfields at one-loop. The 
first is due to the tree-level coupling contained in the supersymmetric completion 
of a Lagrangian term corresponding to eq.(|23). The second one is the presence of S 



in the Kahler connection, which in turn appears in the covariant derivatives of the 
fermionic fields [[7|, |T^. The Kahler connection is related to the U(l) rotations on 
the fermions which are necessary to make the supersymmetric Lagrangian invariant 
under Kahler transformations. If this U(l) symmetry is gauged at the superfield 
level, the arising theory is called Kahler superspace [^. The coupling of the Kahler 
connection and on-shell gauge bosons generated by triangle graphs with fermions 
running in the loop can be represented by a non-local contribution to the effective 
Lagrangian nil 0,1 : 



(29) 
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X 



(^n{S + S) + J2 ln(T + f )^ + h.c. 



where we have only indicated the pure dilaton and moduh dependent part of the 
Kahler potential. W"' is the chiral superfield containing the Yang-Mills field strength 
of the gauge group labeled by a, c"^^- (c^) is the quadratic Casimir operator 
in the adjoint (relevant matter) representation and the sum runs over the matter 
representations R. In general it is also possible for a chiral superfield to couple to 
the fermions through the covariantization of the derivatives with respect to sigma- 
model general coordinate transformations 0, 13 1. Since this coupling is absent for 



the superfield S in string inspired supergravity theories because there are simply no 
charged fields with a dilaton dependent metric at the tree-level, it is irrelevant for 
this discussion. Nevertheless we have yet to take into account the above mentioned 
contribution due to the tree-level coupling of S to the gauge bosons. In ref. [|T3| it 
has been shown that this term gives an expression similar to that of eq. (^) with a 
group theoretical factor exactly of the size to complete the coefficient in eq. to 
that of the full /5-function. In this way one gets the following algebraic equation for 
the effective gauge couplings, valid to all orders and written in general as a function 
of a chiral superfield $: 

*. p) = Re + ^ - Jf-^ (d, - Y. c'r) *) 

„a 



, In g-\^,^,p) - ^E41n det Z^($,<l,p) , (30) 

R 

where p is the renormalization scale, ba is the group theoretical coefficient of the /3- 
function j3a = baQa/^Q'^ and Z^i is the field dependent Kahler metric for the matter 
fields in the representation R. If we insert the tree-level Kahler potential for S as 
well as the tree-level gauge coupling and furthermore replace Re S by its vev, this 
term has the effect to shift the scale at which the couplings begin to run from Mpi 
to Ms: 

Ml Ml 
ha\n^- ha ln(Re 5) = 6 Jn ^ , (31) 

due to the relation Mpi/Ms = (Re s)^/^. Here s denotes the lowest component of 
the superfield 5*. This is the result expected from the discussion of the previous 
sections. The fact that the parity even piece of the non-local Lagrangian ( [29| ) can 
be interpreted as a supersymmetric cutoff was first pointed out in ref. |3^ . 



There are two further points worth mentioning: first we emphasize that in general 
there could be yet a holomorphic piece in the one-loop correction to the gauge 
coupling, which contains the field S. This would correspond to a one-loop piece 
of the /-function. From the previous results it is clear that this term is absent 
in the string effective theory. Re fa~^°°^{S) = 0. Secondly it is nice to record the 
consistent normalization of the T field. At first sight it looks conspicuous that the 
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T field in the field theory has to be normalized in units of Mpi, while that appearing 
in the string calculations is apparently normalized in units of Ms- But it is easy 
to convince oneself that in the string theory an expansion of the field-dependent 
gauge coupling in powers of T includes a factor g for each field T. Therefore the 
precise expression for the T dependent functions appearing in the string calculations 
of refs. p, |] is obtained by the replacements T[M5] — >• gT[Ms] = T[Mpi] in the 
expressions given therein, in agreement with the field-theoretical description. Here 
we have used g = (Re s)~^/^. 

Now let us take a look at the coupling of the antisymmetric tensor field 
to the gauge bosons at one-loop, which is related to that of the dilaton field by 
supersymmetry. From eq. (|T^) we find = — A^. Again there is a tree-level 
coupling due to the presence of the Chern-Simons term in the definition of the field 
strength H: 



H, 



fiup 



T B 



K 

-tr 

4 



.A 



p]] 



(32) 



Subtracting from A^ the contribution of the loops in the external legs, as we did 
before for the case of the dilaton field, we find again a zero result. That is, the 
one-loop S-matrix element in string theory is entirely reproduced by the diagram 
shown in fig. 3. 

In an unnoticed way we have run into trouble. On one hand we have shown that 
there are no one-loop corrections to the three particle vertices involving two gauge 
bosons and a dilaton or an antisymmetric tensor field in the effective string theory. 
On the other hand there is the expression in eq. (EUf) which shifts nicely the scale 



Mpi to Ms after it is supplemented with the contribution related to the tree-level 
coupling of S to the gauge bosons and if the field {S + S) is replaced by its vev. 
However, if we make an expansion around this vev, the same term induces linear 
couplings of two gauge bosons and a dilaton or an antisymmetric tensor field: 



nl 



X 



4 (47r)2 

1 

16 (4^ 



D^D^ 1 , 

I ha 

□ 2 



S)) + 



{S + S) 



Cs + s) + ... 



+ h.c. 



(33) 



F^F^ {\n{S + S)) + 



{S + S) 



(S + S)] - F^F" 



{S + S) 



{S-S) + 



where the tilde on S identifies the quantum field. This is in apparent contradiction 
with the situation we have found in string theory. We will argue that this problem 
appears due to an inconsistent formulation of the effective theory in terms of the 
chiral superfield S. 

In fact it is known that the four-dimensional N=l supersymmetric effective tar- 
get space superstring theories correspond to so-called new-minimal supergravities 
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with a linear multiplet containing the dilaton field |]3^, The general coupling 
of a linear multiplet to the supergravity-matter system and Yang-Mills fields was 
derived in pO] and recently the complete supersymmetric action was constructed 



It is well-known that a supergravity theory including a linear multiplet can be 



related to a theory with only chiral matter fields via a duality transformation ||36[| . 
Such a transformation will connect an effective theory in the linear multiplet formal- 
ism to another one in the chiral multiplet formalism in a classical sense. Therefore 
one should not start to compute quantum corrections of the two theories related in 
this way and compare the results with each otheiQ. This is exactly what happens 
in the above mentioned problem: we have compared the quantum corrections of a 
theory in the chiral multiplet formalism obtained from a tree-level duality trans- 
formation to that of the one-loop corrections in a theory formulated with a linear 
multiplet. Indeed if we replace the Kahler potential of the dilaton superfield S, 
K{S, S) = — ln(5' + S) by that of the linear multiplet containing the dilaton, 
K{L) = In L we get 



nl 



11/- D'^D'^I 



4(47r) 



□ 2 
+ h.c. 



(34) 



1 1 



(4vr) 



Here we have used D^L = D^L = + ... , where the dots represent terms involving 
field strengths arising from the modified linearity conditions 



{Do,D^ - 8R) L 



2ktT (WW^) , 
2A;tr {WW) , 



(35) 



where R is one of the torsion superfields of supergravity. We have written only the 
coupling to the gauge field strength on the r.h.s. of (^) which corresponds to adding 
the Yang-Mills Chern-Simons form to the field strength of the antisymmetric tensor. 
In general also Chern-Simons terms for the Lorentz and U(l) group are necessary 
to get an anomaly free theory. From eq. (|34D we can see that there are no linear 
couplings of dilaton or antisymmetric tensor fields to the gauge bosons in the linear 
multiplet formalism. 

At first sight this seems to be a strange result because the Kahler connection in 
the linear multiplet formalism contains a term [^] 



V. 



i 1 
-e 



8L 



(36) 



°We thank J. P. Derendinger for an explanation on this issue. 
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Therefore B^^y indeed couples to the fermions analogue to the coupling of the corre- 
sponding pseudoscalar a = Im s in the chiral multiplet formalism : 

= ... - Ij^d.a . (37) 

We have seen in eq. (^3|) that this coupling causes a non-vanishing one-loop cor- 
rection to the two gauge boson - pseudoscalar vertex. 

To analyze the different outcome of the calculation of the triangle diagrams in 
the two formalisms we write down the action of the operator U'^D^D^ on S and L, 
respectively: 

a^^D^D^S\g^g^o = 16 □(Re s + m) , 

n-^D^D^L\g^g^o = 4z dpA'' , (38) 

where = e^^^pxd'^ B''^ . In the first line of eq. (^) the operator D^^D is ill-defined 
on-shell, but since it is off-shell everywhere equal to one, it is one also on-shell, by 
analyticity. The contrary applies to the second line of eq. (^). First note that the 
dilaton dependent term has already dropped out because of an algebraic identity. 
Furthermore the expression e^i^pxp^^p^B^^ vanishes for any (complex) momentum p^. 
Therefore, by analyticity, n~^dpA^^ has to be zero also on-shell. If we replace 
by the duality transformed expression d^a, the algebraic zero reflecting the gauge 
invariance of the antisymmetric tensor field strength turns into a weaker on-shell 
zero of the Laplacian acting on the pseudoscalar field a. This fact is in the heart of 
the difference between the non-local Lagrangians of eqs. ( ^3|) and (|3^) . 

Of course this effect can be seen also at the component level and is not restricted 
to a supersymmetric model. The explicit expression for the triangle graph with two 
vector gauge bosons A\, A?p and one axial gauge boson A'^ was given long ago in ref. 

Rapfj.{kl, ko) = A3 {ki ■ k2 k^trcrpp ~ ^1 " ^2 ^2^Tcr/3M ~^ kipk\k2€(^rcFp ~ k2crk\k2t^rpp^ 
+ ^4 {k2kl^TapfjL ~ kik2^rapp. + ^2p^l ^2 ^Crcr/x ~ ^1(7^1^2 ^^rp/x) ) (39) 

where ki and ^2 are the momenta of the vector gauge bosons and ^3 and ^4 are 
some integrals over Feynman parameters. The ambiguity of the linearly divergent 
diagram has been fixed by the requirement of gauge invariance in the vector channel. 
With the handicap of massless fermions in the loop it is straightforward to show the 
following relations for on-shell vector bosons A\. and A^: 

i^appA'^ =0 for = e^'^^'^S.SA. 

R^ppA^" = Sn^kfk^e^rapa for = (9^a . ^ ' 

In agreement with the previous result in the supersymmetric formulation there is 
only a non-vanishing coupling if the axial vector boson is written in terms of a 
pseudoscalar. 
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In conclusion we have shown that the one-loop gauge coupling in string effective 
theories depends on the dilaton vev in a way determined by the dilaton dependence 
of the cutoff scale Ms- This result can be derived by symmetry considerations and 
applies to the holomorphic as well as to the non-holomorphic piece of the one-loop 
correction. The identification of the dilaton dependence as a field-theoretical effect 
shows that it is entirely due to massless fields and, in particular, that there is no 
contribution from massive modes providing a dilaton dependent one-loop correction 
to the holomorphic /-function. Calculating a three point string amplitude involving 
two gauge bosons and one dilaton we have shown that there is no one-loop correction 
to the three particle vertex in the IPI vertices generating effective Lagrangian. The 
same statement applies to the coupling of the antisymmetric tensor field to the gauge 
bosons. This result is not reproduced by the usual non-local term in the effective 
Lagrangian in the formalism, where the dilaton is in a chiral multiplet. On the other 
hand the analogue effective theory written in terms of a linear multiplet is in full 
agreement with string theory. 
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Appendix 

A Conventions and normalizations 

The overall normalizations in the operator formalism can be fixed by comparison 
with results from a path integral calculation. In our conventions the correlation 
function for the bosonic fields (with a' = \) reads 



where = Zi — Z2 and 



r7'^nn|x(^i2,r) 



Xij = X{zij) = 27rexp 



(Im Zjj) 
Im r 



i^iizijlr) 



#i(0|r) 



(A.l) 



(A.2) 



'i9i(z|r) is one of the Riemann theta-functions. Correlation functions of the fields 
dX, dX can be obtained by simply taking derivatives of ( |A.1| ) except for (dXdX) 
as discussed in the text. They obey the identities 



I d'z dAn\xiz)\ = , Jd'z d'jn\xiz)\ = 



(A.3) 



15 



The fermionic correlation function is 

where a = 2,3,4 for (si,S2) = (1,0), (0,0), (0,1), respectively. Furthermore we have 
defined ^9']^(0|r) = dz'&i{z\T)\z=o- If there is no additional spin structure dependence 
but that of {Gi2{s)y only the spin structure dependent terms inside this correlation 
function will survive and we can replace 

{4G,2{s)f = -29,22lnXi2 - G^ir) - e,_i(r) , (A.5) 

where G2{t) is the Eisenstein function of modular weight two and the 6^-1(1") are 
defined in terms of the Weierstrass function^. 

The correlation function for the Kac-Moody currents is given by 

= ^[-W'dh\nQi{zu I f)-47i^QaQb] , (A.6) 
lo 

where ka is the level of the Kac-Moody algebra and the QaS are the charges of the 
propagating states. 

The four-dimensional free plus ghost part of the partition function is given by 

^.(0|r) 

for the fermions and bosons, respectively. In addition there is a contribution Z^t 
from the internal (c,c) = (9,22) superconformal theory. 

The contraction of six fermions inside a correlator yields the kinematical factor 

t(l, 2, 3) = ei ■ fcges ■ ^163 ■ fca - ei ■ fc2e2 ■ h^s ■ h 
+ ei ■ e2[e3 ■ kik2 ■ ks - €3 ■ k2ki ■ /^a] 
+ ei ■ e3[e2 ■ fcs^i ■ k2 - €2 ■ kik2 ■ k^] 
+ 62 ■ eslei ■ k2ki ■ k^ - ei ■ kski ■ k2] . (A.8) 

B Background-field calculation 

The vertex operators for the background fields can be obtained from (p!OD by the 
replacements 

e^^e^fc^ ^ A,{X) , e^.e^'^^ G^^X) . (B.l) 



^For the usual conventions see 



16 



The fields A^{X) and G^^{X) are solutions of the classical equations of motions. 
Note that the X-dependence of the background fields has to be taken into account 
when the contractions on the world-sheet are performed. Keeping only the first 
terms in an expansion gives 

n 

Vo''iz,,z,) = ^dX^idX^,G';:i+dX^,X'dxG^;;i+ri^'d,G^;:i) . (B.2) 

Only three terms in the correlator (V^V^V^f) yield non-vanishing contributions of 
They are 

{dX^dX'O (V^J^2'^3>f) {J-2J-3)G';:>d,A2pd^A,^ , 

(BX^dX^) (^iVl>2>20 (^2 J3)^3a5AG«9,A2p , (B.3) 

{BX^dX^) (V^iVi>3>f ) {J-2J-3)A2,dxG^^XA,p . 

The further calculation is quite similar to the case involving the usual vertex oper- 
ators. The second and third term in ( p.3|) supply the amplitude where G^i, refers 
to the antisymmetric tensor. If we restrict our attention to the dilaton field, ( [B.3|) 
results in 

in agreement with (0). 
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Figure Captions 

Figure 1: One-loop contributions to the three-particle S-matrix element with one 
dilaton and two gauge bosons arising from loops in the external legs. Wavy lines 
denote gauge bosons while the dashed line represents the dilaton. 

Figure 2: One-loop correction to the same S-matrix element associated to the 
IPI three-particle vertex. The wavy-solid line denotes any massless field. 

Figure 3: Contributions to the one-loop S-matrix element with one antisymmetric 
tensor field and two gauge bosons. The double line represents the antisymmetric 
tensor field. 
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